I will remain highly indebted to him for his ever-lasting support during difficult times which made this experience a rewarding and an enriching one. Furthermore, in order to facilitate an objective comparison between FGMs and homogeneous materials, a constraint is imposed on each of the microstructure so that the volume averaged modulus remains the same although the spatial variation is very different. Subsequently, we demonstrate that a FGM could perform either better or worse than the reference homogeneous material depending upon the crack length, the type of functional gradation and the material contrast (thereby the local gradient of the modulus at the crack tip). Finally, the notion of 'Fracture Index' is introduced using which 'design maps' are created in the (a − κ) space that reveal microstructures with enhanced fracture resistance. These maps are universal since any Functionally Graded Material can be mapped as a point on this space.
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cos (2πx) [3, 4] , piezoelectric and thermoelectric devices [5, 6] and in dental implants which have demonstrated superior mechanical behavior, biocompatibility and osseointegration improvement [7, 8] . Also, with the advent of additive manufacturing, functionally graded bone implants with superior fracture resistance can be printed in a cost-effective manner [9, 10] . It is therefore imperative to understand the behavior of FGMs in order to effectively design composites for target applications.
In the past, several techniques have been used to examine the fracture of FGMs and some of these are noteworthy. Gibson [11] laid the foundation for analyzing FGMs by modeling soil as a heterogeneous material. In the study, the author examines an elastic half space in which the Young's Modulus, E is varied with depth. Analytical and semi-analytical approaches were subsequently used by Delale and Erdogan [12] , Erdogan and Wu [13] and Chan et al. [14] in order to investigate cracks in heterogeneous materials. In particular, Delale and Erdogan [12] For membrane and bending loadings, the SIF is higher for lower material contrasts and is lower for higher material contrasts. This is in contrast to fixed grip loadings where the trend is vice-versa. An alternate approach to analyze fracture using Extended Finite Element Method (XFEM) was proposed by Dolbow and Gosz [15] . In their work, a novel approach was used for computing the mixed mode SIF at the crack tip of FGMs.
This involved employing the interaction energy contour integral and representing it as a domain integral which was later used in the XFEM analysis. This was then incorporated into the stiffness matrix and the SIF for mode-I along with mixed mode cases were compared using three new approaches for analyzing fracture:
i) path independent J-integral method for inhomogeneous materials; ii) modified crack-closure integral method (MCC); iii) displacement correlation technique (DCT).
The authors concluded that for mode-I case, the solution obtained using any of these three approaches were identical. Asaro [20] considered the problem of a semi-infinite crack in a FGM strip that was subjected to edge loading. Also, in plane deformation was modeled in order to analytically examine the mixed mode SIF. The authors determined that the material gradation directly impacted the SIF and specifically the mode-II SIF played a major role in the fracture of FGMs. In addition, FGMs were able to withstand higher loadings as compared to their homogeneous counterparts.
Bao and Wang [21] illustrated the use of a FGM that consisted of ceramic and metal layers. This was a linearly elastic FGM in which the Young's Modulus varied throughout the thickness of the film. In order to study the effects of mechanical and thermal loadings on the functionally graded coating, Finite Element Analysis was carried out using ABAQUS. The authors concluded that FGM reduced the Crack Driving Force (CDF) significantly as compared to a ceramic layer when thermal loads were applied. For mechanical loadings, the effect of coating gradation on the CDF was not very high when compared with a ceramic coating. In addition, Bao and Cai [22] examined the delamination cracking phenomena that was observed when thermal expansion led to an imbalance between functionally graded coating and substrate.
The thermo-mechanical property of the FGM that consisted of ceramic and metallic layers was varied with respect to the position of the coating along the direction of the thickness. It was observed that the gradation played a major impact on the CDF of the delamination crack by reducing the CDF significantly which would thereby increase the fracture resistance of the material. In addition, buckling was also studied and the functional gradation led to a decrease in buckling in the delamination crack.
Anlas et al. [23] performed Finite Element Analysis and obtained the J-integral
values for a FGM plate with an edge crack in order to calculate SIF. Numerical simulations were carried out using ABAQUS and the domain was discretized into forty parts to model the gradation in the Young's Modulus. Elements consisting of four nodes and four integration points were used for obtaining the results. Further, the authors discussed that the J-integral was path dependent for an inhomogeneous material. However, the value for the J-integral could be used to determine the SIF for a heterogeneous material in the vicinity of the crack tip. Finally, the authors benchmarked their results for uniform traction and uniform displacement loadings and were successful in obtaining accurate results.
More recently, Hossain et al. [24] proposed a new methodology to determine the toughness of a heterogeneous medium that was independent of the details of the boundary condition. Instead, the authors numerically simulated a domain by applying a surfing boundary condition to a steadily growing macroscopic crack. Subsequently, the effective toughness was obtained by using the energy release rate required to propagate the crack.
In summary, a significant amount of literature exists for determining the fracture toughness of FGMs. However, to the best of our knowledge there is no framework to unify the treatment of FGMs in order to identify microstructures that maximize fracture toughness. The notion of 'Fracture Index' and 'design maps' will be introduced in this thesis to fill this void in existing literature. In the subsequent sections, we develop the necessary mathematical models and the resulting boundary value problems are then solved numerically using Finite Element Analysis. The results obtained are first benchmarked with existing solutions for special cases. After validating the numerical model, the 'Fracture Index' is computed for Functionally
Graded Materials as a function of crack length and material contrast. This procedure is repeated for a variety of functional distributions to generate the 'design maps'. It will be demonstrated that these maps highlight the admissible regions for designing microstructures with enhanced fracture resistance.
Chapter 2 Mathematical Background
The J-integral is widely used in order to accurately obtain Stress Intensity Factors (SIFs) at crack tips (see Abd-Elhady and Sallam [25] , Aliha et al. [26] and Dancette et al. [27] ). It is an alternative to the strain energy release rate and was first proposed by Rice [28] in order to analyze cracks. For Functionally Graded
Materials, Delale and Erdogan [12] studied the problem of Mode-I loading with a variation of Young's Modulus in the direction parallel to the crack. The authors stated "it is reasonable to expect that in nonhomogeneous materials with continuous and continuously differentiable elastic constants the nature of the stress singularity at a crack tip would be identical to that of a homogeneous solid". Similarly, Erdogan [29] stated that if a crack was embedded into an inhomogeneous medium with smoothly varying elastic properties, the square root nature of the stress singularity seemed to remain unchanged.
The conjecture by Delale and Erdogan was analytically proven by Eischen [17] using an eigenfunction expansion technique similar to that of Williams [30] . In the study, Eischen considered a constant Poisson's ratio and a general functional form of the Young's Modulus variation. The author proved that a r − 1 2 stress and strain singularity existed at the crack tip, r being the radial distance measured from the crack tip. In addition, the angular variation of the singular stress field and the associated displacements around a crack tip in a Functionally Graded Material were shown to be exactly the same as the angular variation in a homogeneous material (see Eischen [17] and Honein and Herrmann [31] ). With this framework laid out, we will now demonstrate the J-integral in two dimensions and its relation to the Stress Intensity Factor.
In general, the J-integral can be defined as [32, 33] 
where
and Γ is a contour around the crack tip (see Fig. 1 ), the limit Γ → 0 indicates that Γ shrinks onto the crack tip, q is a unit vector in the virtual crack extension direction, n is the outward normal to Γ, I is the Kronecker Delta, W is the strain energy density, σ is the stress component and u is the displacement. Moreover, it has been observed that the J-integral is path dependent around a crack tip in FGMs. However, the J-integral value for a path adjacent to the crack tip in FGMs is identical to that for homogeneous materials as Γ → 0. This approach has been employed by various authors such as Gu et al. [19] , Anlas et al. [23] , Nikbakht and Choupani [34] and
Martínez-Pañeda and Gallego [35] .
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Figure 1: Contour for evaluation of the J-integral
We now illustrate the relation of J-integral with Stress Intensity Factor for a linear elastic material which can be defined as [34, 36] 
and K I , K II , K III are the Stress Intensity Factors for mode-I, mode-II and mode-III loadings, respectively. Also, B is the pre-logarithmic energy factor matrix (see Shih and Asaro [37] and Barnett and Asaro [38] ). Now, consider two independent equilibrium states of a cracked body which are actual and auxiliary. The actual state corresponds to the displacement and stress fields for the given boundary conditions.
Whereas, the auxiliary state characterizes the displacement and stress fields in the vicinity of the crack tip [16] . The J-integral for the actual state can be defined as [34, 36] 
where I, II and III correspond to 1, 2 and 3 when indicating the components of B.
Next, the J-integral for an auxiliary state with pure mode-I loading can be seen as [34, 36 ]
where, k I is the Stress Intensity Factor for the auxiliary state. 
Moreover, if the calculations are repeated for mode-II and mode-III loadings, the resulting linear system in Eq. (6) can be written as [34, 36 ]
where, α and β are both I, II and III. Next, Eq. (7) is modified by computing k α = 1 and the resulting equation is [34, 36] 
and
Here, J 
Here, is the strain component, the subscript aux represents three auxiliary pure Mode I, Mode II, and Mode III crack-tip fields for α = I, II, III, respectively. Also, Γ is a contour around the crack tip (see Fig. 1 ) and the limit Γ → 0 indicates that Γ shrinks onto the crack tip.
The interaction integrals, J [42] ). The element set that formed each ring from the node set was used in order to calculate the J-integral (see Bernard et al. [40] ). In the present work, the J-integral values were obtained from second, third and fourth contours (see Fig. 4 ) and an average J-integral value was used from these contours for calculating the Stress Intensity Factor. This approach has been successfully employed by several other authors including Kamaya [43] , Kim et al. [44] and Bayley and Bell [45] .
We now illustrate the relation of J-integral with Stress Intensity Factor for a linear elastic material under mode-I loading which can be defined as (see Abd-Elhady and Sallam [25] , Shih and Asaro [37] and Barnett and Asaro [38] )
where K I is the Stress Intensity Factor and v is the Poisson's ratio. Using Eqs. (11a) and (11b), the J integral can be written as [16, 36] 
At this stage, it is convenient to illustrate that for Functionally Graded Materials under mode-I loading and plane strain conditions, Eq. (12) can be defined as
where Materials as a function of crack length and material contrast.
Chapter 3 Methodology
The methodology employed in the current study is summarized in Figs Young's Modulus is demonstrated in Fig. (3a) and is defined as
where, E 1 is the Young's Modulus at the left boundary and E 2 is the Young's Modulus at the right boundary. The linear function can also be interpreted as the first two significant terms in a Taylor series expansion of any FGM distribution. Similarly, the quadratic variation of Young's Modulus can be predicted by the first three significant terms in a Taylor series expansion (see Fig. 3b ). The quadratic function can be defined as
The linear and quadratic functions illustrated by Eqs. (14 & 15) have been used in the past by various authors such as Zhong and Cheng [49] and Elishakoff and Guede [50] . Furthermore, an exponential variation of the Young's Modulus is illustrated in Fig. (3c) . Such a distribution has been widely used by several authors such as Erdogan and Wu [13] , Rao and Rahman [16] and Guo and Noda [51] and is defined as follows
Finally, we consider a cosine distribution of Young's Modulus as given in Fig. (3d) . This variation was chosen to mimic biological materials such as bone that have hierarchical structure of protein and mineral embedded in layers in order to increase the stiffness and toughness of the bone (see Fratzl et al. [52] ). Because a distribution of material properties in a biological material directly leads to a change of the energy consumed by fracture, the cosine function used to examine this phenomenon is
Here, E 0 = 1 and 1 ≤ ρ ≤ 6. In the next section, these functions will be used in order to study the fracture performance of Functionally Graded Materials. Table 4 : Function used for the gradation-Cosine Function:
cos(2πx)]
Microstructure E 0 (MPa) ρ 
Results and Discussion
We begin by first validating our Finite Element model with selected benchmark problems published in the literature. Next, the fracture response of Functionally Graded Materials (FGMs) under membrane loading is analyzed as a function of material contrast and crack length. Subsequently, the notion of 'design maps' is introduced using which admissible regions for the design of microstructures with enhanced fracture resistance can be obtained 1 .
Model Validation
The validation of Finite Element (FE) results is a very necessary step before proceeding to construct the 'design maps'. For this purpose, FE models were developed for homogeneous and FGM strips subjected to membrane loading (see was numerically simulated by using symmetry boundary conditions and Barsoum elements were used at the crack tip [54, 55] . The material was assumed elastic with E = 2 MPa, v = 0.3 and a plane strain condition was specified. Next, model verification was conducted and a comparison was made with Chen et al. [56] in terms of the normalized Stress Intensity Factor defined as follows
where, σ is the applied stress, a is the crack length and K I is the Stress Intensity 
Stress Intensity Factors For Functionally Graded Materials.
We will now discuss the exponential variation of the Young's Modulus which was employed using Eq. (16) on the FGM Strip (see Fig. 4 ). The benchmark cases that were taken into consideration include Finite Element Analysis carried out by Rao and
Rahman [16] , Erdogan and Wu [13] , Chen et al. [56] and Kim and Paulino [18] . In order to quantify the material contrast, the following variable κ is defined as
In the present analysis, four material contrasts of κ = 0.1, 0. [16] is less than 6% for κ = 0.1, less than 5% for κ = 0.2, less than 3% for κ = 5 and less than 5% for κ = 10. In addition, the plots for the above TABLES can be seen in Fig. (5) . It can be observed that normalized SIF increases with an increase in crack lengths for all material contrasts. Similar trends were observed by various authors such as Jin and
Paulino [57] and Noda and Lan [58] .
In the next section, the validated FE model in Fig. (4) will be utilized to analyze the fracture response of Functionally Graded Materials as a function of material contrast and crack length. Several functional distributions will be considered in order to construct 'design maps' which unify the treatment of heterogeneous microstructures. 
Functionally Graded Materials Under Membrane Loading
We now consider the fracture response of several Functionally Graded Materials (FGMs) as a function of the non-dimensional crack length, a W and material contrasts (κ and ρ) 2 . At this stage, it is convenient to introduce the Fracture Index (φ) as follows [53] 
where K ) as functions of (log 10 (κ), φ) and (ρ,φ)
Design Maps
With the framework laid out in the previous section, it is now possible to construct 'design maps' to unify the treatment of FGMs. Such maps can be visualized as contours of Fracture Index, φ in the ( a W , log 10 (κ)) space (see Fig. 7 ). As discussed before, regions with φ < 1 highlight microstructures with enhanced fracture resistance. From Fig. (7a) , it is evident that as long as κ > 1, FGMs with linear gradation in the modulus have enhanced fracture resistance irrespective of the crack length. This is also the case when It is now important to highlight that the 'Fracture Index' values from the model validation studies conducted can also be visualized as points on the design map for exponential gradation (see Fig. 11 ). These results validate data points published in the literature by various authors such as Rao and Rahman [16] , Erdogan and Wu [13] , Chen et al. [56] and Kim and Paulino [18] . In addition, experimental data can be superimposed on the design map which highlights the universality of such maps as any Functionally Graded Material can be mapped as a point on the (a − κ) space. On a final note, the concepts illustrated in this thesis can be applied to mode-II, mode-III and mixed mode fracture problems in order to construct 'design maps' that demonstrate admissible regions where the fracture toughness of FGMs is maximized.
Although, only select functional distributions have been evaluated in this research, other FGMs (for instance a Taylor's Series expansion of the Modulus with higher order terms included) can be easily studied and the results can be projected on the 'design maps', thereby highlighting the universality of such maps. Finally, the 'design maps' offer a simple, yet powerful framework to enable the rational design of fracture resistant Functionally Graded Materials.
